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1. INTRODUCTION
The blood production model
 u 
 xu  u t  ,  x 1 u t  ,  x 1.1Ž . Ž . Ž . Ž .Ž .
 t  x
  Ž .was proposed by Rey and Mackey in 4 , where u t, x is the population
density of cells with respect to maturity x at time t and ,  ,  are
parameters satisfying  0, 0  1,  0. The maturity variable x
    Ž .has values in 0, 1 . In 3 , Dyson et al. generalized 1.1 to the more
general form
u 
 g x u  f u t  ,  x . 1.2Ž . Ž . Ž .Ž . Ž .
 t  x
Ž .For simplicity, this paper still considers Eq. 1.2 , but there are two points
  Ž . Ž .different from 3 . i We transform the differential equation 1.2 into an
integral equation by making use of the characteristic theory of first order
1 This work was supported by the National Science Foundation of China.
464
0022-247X01 $35.00
Copyright  2001 by Academic Press
All rights of reproduction in any form reserved.
SEMILINEAR TRANSPORT EQUATION 465
partial differential equations. This method not only has obvious geometric
significance, but also may apply to multidimensional problems and systems
Ž .of differential equations. ii We will stress the existence and asymptotic
behavior of nontrivial steady state solutions, regularity, and convergence of
solutions.
The content of this paper is organized as follows: In Section 2 the
characteristic line method is presented; in Section 3 the asymptotic behav-
ior of the solution is discussed; in Section 4 the regularity of solutions is
studied; in Section 5 the existence and stability of the nontrivial steady
state solution is discussed. The convergence of solutions as the time lag 
approaches zero is investigated in Section 6. The generalization of the
above results is presented in the final part of this article.
2. CHARACTERISTIC LINE METHOD
Consider the initial problem
 u 
  g x u  f u t  ,  x , t 0, x	 0, 1 ,Ž . Ž .Ž . Ž .
 t  x 2.1Ž .
   u t , x   x , t , t	  , 0 , x	 0, 1 ,Ž . Ž .
Ž . Ž . Ž .where f y and  t, x are continuous, and g x satisfies
1  g	 C 0, 1 , g 0  0,Ž .Ž .
HŽ .dx1
g x  0 for 0 x 1 and  .Ž . H g xŽ .0
According to the characteristic theory of first order partial differential
equations, the ordinary differential system
dx
 g x ,Ž .
dt
du
g x u f u t  ,  x 2.2Ž . Ž . Ž .Ž .
dt
Ž .is called the characteristic equation of 2.1 . Geometrically, the integral
Ž . Ž .surface of 2.1 can be identified with an integral curve of 2.2 .
We defined
x d
h x  exp . 2.3Ž . Ž .Hž /g Ž .1
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Ž . Ž . Ž .Obviously, h 1  1, h 0  0; moreover, h x is an monotone increasing
function.
Ž . Ž .From the first equation of 2.2 and 2.3 , we have
dh
 dt . 2.4Ž .
h
Given initial conditions
h x  h x ,Ž . Ž .t0 0 0 x  1, 2.5Ž .0u t , x   0, x ,Ž . Ž .t0 0
Ž . Ž .it is easy to see from 2.4 and 2.5 that
x t  h1 h x et ,Ž . Ž .Ž .0
2.6Ž .
x  h1 h x et .Ž .Ž .0
Ž . Ž .Considering the initial condition 2.6 and the second equation of 2.2 , the
relation
t
u t , x  exp  g 	 x  d  0, xŽ . Ž . Ž .Ž .H 0ž /0
t t
 exp g 	 x  d f u 
  ,  x 
 d
 2.7Ž . Ž . Ž .Ž . Ž .Ž .H Hž /0 

Ž . Ž .is achieved. Then, substituting 2.6 into 2.7 , we obtain the integral
equation
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 1 Ž t
 .  f u 
  , h h x e d
 , t0, x	 0, 1 ,Ž .Ž .Ž .Ž .
   u t , x   t , x , t	  , 0 , x	 0, 1 , 2.8Ž . Ž . Ž .
 which was and obtained in 3 by using the linear operator semigroup.
Ž .The continuous solution of the integral equation 2.8 is called a mild
Ž .solution of the differential equation 2.1 . The existence and uniqueness of
Ž .a mild solution of 2.8 is easily proved by using the step method.
According to the characteristic theory of first order partial differential
equations, when f ,  are once continuous differentiable and g is twice
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Ž . Ž .continuous differentiable, 2.8 is equivalent to 2.1 and the solution of
Ž . Ž .2.8 is exactly the integral surface of 2.1 .
3. ASYMPTOTIC BEHAVIOR OF SOLUTION
We discuss two cases for time lag  ; that is,  0 and  0.
3.1. The time lag  0
We introduce the following assumptions:
Ž . Ž .H f 0  0 and there is a constant  0 such that1
   f y  f y  L y  y ,Ž . Ž .1 2 1 2
    Ž .as y   , y   , where the positive number L is replaced by L  ,1 2
which is an increasing function of  ;
Ž .  Ž .     H  t, x   for t	  , 0 , x	 0, 1 , where 0   ;2
Ž .  Ž .4  H I inf g 	 x  0 for x	 0, 1 , and there is a small enough3
 0 such that L Ie .
Now we discuss the asymptotic nature of solutions. We adopt an
iterative method, and choose the initial iterative

 t1 t 1 Ž t . 0, h h x e exp  g 	 h h x e d ,Ž . Ž .Ž . Ž .Ž . Ž .Hž /0Ž0. u t , x Ž .  t 0, x	 0, 1 ,     t , x , t	  , 0 , x	 0, 1 .Ž .
3.1Ž .
Define the kth approximation
tŽk . 1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 1 Ž t
 .  f u 
  , h h x e d
 , t0, x	 0, 1 ,Ž .Ž .Ž .Ž .
Žk .    u t , x   t , x , t	  , 0 , x	 0, 1 , k 1, 2, . . . . 3.2Ž . Ž . Ž .
Ž .From 3.1 , it is easy to see that
 Ž0. u t , x  Ž .
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  Ž .for t , x	 0, 1 . When k 1, from 3.2 we have
tŽ1. I t lŽ t . Ž0. 1 Ž t
 .u t , x  e  e L u 
  , h h x e d
Ž . Ž .Ž .Ž .H
0
tI t lŽ t . e  e LI I d
Ž .H
0
 eI t   LI 1 eI tŽ . Ž .
I t  e 1 LI  LI  Ž . Ž .Ž .
 for t , x	 0, 1 . Using an induction argument, it is not difficult to
verify that the inequality
 Žk . u t , x   3.3Ž . Ž .
 holds for t , x	 0, 1 , k 1, 2, . . . .
Ž .From 3.2 , obviously
t tŽ1. Ž0. 1 Ž t .u  u  exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

f uŽ0. 
  , h1 h x eŽ t
 . d
Ž .Ž .Ž .Ž .
t t 1 Ž t .  Ž t
 . exp  g 	 h h x e d  t 
  eŽ . Ž .Ž .Ž .H Hž /0 

f uŽ0. 
  , h1 h x eŽ t
 . d
 ,Ž .Ž .Ž .Ž .
and it follows that
tŽ1. Ž0. u  u  exp  I  t 
  Ž . Ž .Ž .H
0
  Ž t
 . Ž0. 1 Ž t
 .Le u 
  , h h x e d
 .Ž .Ž .Ž .
When 
 0, 
  0, we have
 Ž0. 1 Ž t
 .  l Ž
 .  Ž
 .u 
  , h h x e  e  e .Ž .Ž .Ž .
Thus
LtŽ1. Ž0.  Ž t
 . u  u  exp  I  t 
   eŽ . Ž .Ž .H 1 Ž .0
 I  e Ž
 . d
Ž .
L
 t  t e  ae ,ž /1 
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Ž .where a L I   1. By using induction, we obtain for any positive
integral k the inequality
 Žk . Žk1.  k  tu  u  a e 3.4Ž .
   Žn.4for t 0, x	 0, 1 . This shows that the sequence u is uniformly
   convergent on 0, T  0, 1 , where T is any positive number. Let
Žk .Ž . Ž . Ž .lim u t, x  u t, x , and it is easily seen that u t, x is a uniquek
Ž .continuous solution of 2.8 .
Since
uŽk . t , x  1 a a2   ak e tŽ . Ž .
 for t 0, x	 0, 1 , it follows that
1
 tu t , x  e . 3.5Ž . Ž .ž /1 a
Ž .This shows u t, x tending to zero exponentially as t tends to infinity
uniformly for 0 x 1.
Summarizing the above discussions, we have
Ž . Ž . Ž . Ž .THEOREM 3.1. If assumptions H , H  H are satisfied, then 2.81 3
Ž .has a unique solution u t, x , which tends to zero exponentially as t tends to
 infinity uniformly for x	 0, 1 .
3.2. The time lag  0
Consider the following problem:
 u 
  g x u  f u t ,  x , t 0, x	 0, 1 ,Ž . Ž .Ž . Ž .
3.6 t  x Ž .
    u   x , t , t	  , 0 , x	 0, 1 .Ž .t0
Then the corresponding integral equation can be written as
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 1 Ž t
 .  f u 
 , h h x e d
 , t0, x	 0, 1 .Ž .Ž .Ž .Ž .
3.7Ž .
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Ž . Ž . Ž .If assumptions H , H , H hold and there is small enough  0 such1 2
that
I L  , 3.8Ž .
Ž . Ž .then the estimate 3.5 is also satisfied for the solution of 3.7 . Because
the proof is analogous to the proof of Theorem 1, we do not repeat it.
4. REGULARITY OF SOLUTION
In this section, we consider
 u 
  g x u   f u t  ,  x , t 0, x	 0, 1 ,Ž . Ž .Ž . Ž .
4.1 t  x Ž .
   u t , x   x , t , t	  , 0 , x	 0, 1 ,Ž . Ž .
Ž . Ž .where  is a small parameter. Obviously, 1.1 is special form of 4.1 . We
Ž .further suppose that f ,  are once continuously differentiable, f 0  0,
2Ž . Ž .g	 C 0, 1 , and there is a positive  such that g x  x for 0 x  .
Ž .From Section 2, there exists a unique u t, x satisfying the integral
equation
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 
 4.2Ž .
 1 Ž t
 .  f u 
  , h h x e d
 , t0, x	 0, 1 ,Ž .Ž .Ž .Ž .
   u t , x   t , x , t	  , 0 , x	 0, 1 .Ž . Ž .
Ž . Ž .Namely u t, x is a mild solution of 4.1 .
Ž .    Differentiating 4.1 with respect to x on 0,   0, 1 , we get
 u 
1 t 1 t t	  0, h h x e h h x e h	 x eŽ . Ž . Ž .Ž . Ž .Ž .
 x  x
t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .Hž /0
  0, h1 h x etŽ .Ž .Ž .
t 1 Ž t . 1 Ž t . t	 g  h h x e h h x e h	 x e dŽ . Ž . Ž .Ž . Ž .Ž .H½ 5
0
t 1 Ž t . exp  g 	 h h x e d 4.3Ž . Ž .Ž .Ž .Hž /0
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t t 1 Ž t . 1 Ž t . t	  g  h h x e h h x e h	 x e dŽ . Ž . Ž .Ž . Ž .Ž .H H½ 5
0 

t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .Hž /


  f u 
  , h1 h x eŽ t
 . d
Ž .Ž .Ž .Ž .
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 f
1 Ž t
 .  
  , h h x eŽ .Ž .Ž .Ž .
u

1 Ž t
 .  
  , h h x eŽ .Ž .Ž .
 x
1 Ž t . Ž t
 .	 h h x e h	 x e d
 .Ž . Ž .Ž .
 1Ž Ž . t . 1 t  This shows that if h h x e 	h e is bounded for x	 0, 1 , then all
Ž .  terms of right hand on 4.1 are L integrable on 0,  . According to the1
Ž .  1Ž Ž . t . 1 tdefinition of h x , it is easy to see that if h h x e 	h e is
 bounded for 0 x  , then it is also bounded for x	 0, 1 .
Ž . Ž . Ž .Noting that h	 x  h x g x , when 0 x  , we have
1 t 1 th h x e 	h eŽ .Ž .
g h x et h x etŽ . Ž .Ž .
 t g xh h x e Ž .Ž .Ž .
h x et g h x etŽ . Ž .Ž .
 t g xh h x e Ž .Ž .Ž .
x td d g h x et Ž .Ž .Ž .h x et e exp  exp H Hž / ž /ž /g  g  g xŽ . Ž . Ž .1 1
x td g h x eŽ .Ž .t e exp Hž /tž /g  g xŽ . Ž .Ž .h x e
x h xŽ .t t e   e .t xh x eŽ .
Ž .      Thus, integral in 4.3 exists for t	 0,  , x	 0, 1 , and from 2 , it is easy
Ž .    to see that u t, x  x exists for t	 0,  , x	 0, 1 . Using the method
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  Ž .of steps, we obtain that u x exists for t  , x	 0, 1 , and from 4.1 ,
  u x exists for t  , x	 0, 1 .
THEOREM 4.1. Suppose that
Ž . 1Ž . Ž . 1Ž   .1 f	 C R , f 0  0, and 	 C  , 0  0, 1 ;
Ž . Ž .2 H holds;
Ž . 2Ž .  Ž .4  3 g	 C 0, 1 , I inf g 	 x for x	 0, 1 , and there exists con-
Ž .stant  0 such that g x  x for 0 x  . Then u t and u x
Ž .exists and, moreoer, satisfy 4.1 .
Now consider
u 
  g x u   f u t ,  x , t 0, x	 0, 1 ,Ž . Ž .Ž . Ž .
4.4 t  x Ž .
  u t , x   x , x	 0, 1 ,Ž . Ž .t0
Ž .which corresponds to the case  0 in 4.1 . Obviously, a similar conclu-
sion to Theorem 4.1 holds and the proof is also the same.
5. EXISTENCE AND STABILITY OF NONTRIVIAL
STEADY STATE SOLUTION
Consider
d
 g x    f   x , x	 0, 1 ,Ž . Ž .Ž . Ž .
dx 5.1Ž .
lim  x   0 ,Ž . Ž .
x0
Ž .where the initial value  0 satisfies
 0   f  0 g 	 0 . 5.2Ž . Ž . Ž . Ž .Ž .
Ž .A nontrivial solution of 5.1 is called a nontrivial steady state solution of
Ž . Ž .4.1 and 4.4 , because the steady state problems of both are the same.
Ž .It is easy to see that solution of 5.1 can be written as
x1
 x  g 1 C  f   d .Ž . Ž . Ž .Ž .Hž /g xŽ . 1
 0 Ž Ž ..Choose C H f   x dx, and we getŽ . 1g x
x
  x  f   d , x	 0, 1 . 5.3Ž . Ž . Ž .Ž .Hg xŽ . 1
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Ž .We now prove the nontrivial solution of 5.1 exists and it is unique.
Define the set
   S w x w	 C 0, 1 , w 0   f w 0 g 	 0 , sup w  Ž . Ž . Ž . Ž .Ž .½ 5
0x1
and define the mapping
x
 Tw f w  d 5.4Ž . Ž .Ž .Hg xŽ . 0
on S.
Obviously, T is continuous for w	 S. Noting that
x
 x  f w  d ,Ž . Ž .Ž .Hg xŽ . 0
we then have
x
  x  f w  dŽ . Ž .Ž .Hg xŽ . 0
x x 
 f w   f 0 d  f 0 dŽ . Ž . Ž .Ž .H Hg x g xŽ . Ž .0 0
 
    L sup w x f 0 xŽ .
g x g xŽ . Ž .
 L  f 0Ž .
    L f 0 I.Ž .Ž .
I I
Ž  Ž . .  Thus, when 0  I L f 0 ,    , it follows that the mapping
T : S S.
Ž .From 5.4 we have
x
    f w   f w  d .Ž . Ž .Ž . Ž .H1 2 1 2g xŽ . 0
It follows that
x
     f w   f w  dŽ . Ž .Ž . Ž .H1 2 1 2g xŽ . 0
L
  sup w  w x1 2g xŽ . 0x1
1
  L sup w  w g 	  x dŽ .H1 2 ž /00x1
L
  sup w  w .1 2I 0x1
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This shows that T is a contraction mapping, so that there exists a unique
Ž . x 	 S satisfying
 x  T ; 5.5Ž . Ž .
Ž .namely, from 5.4 there exists a unique solution
x
  x  f   d , x	 0, 1 .Ž . Ž .Ž .Hg xŽ . 0
Ž .   Ž .Obviously,  x 	 C 0, 1 and  x  0. Noting that g 	 g 	
Ž Ž .. Ž . Ž Ž .. Ž Ž .. Ž . f   x and  0  g	 0 f  0 , we can define  	 0  0, and
Ž . Ž .then  	 x exists on 0 x 1 and satisfies 5.1 .
Summarizing the above discussions, we have
THEOREM 5.1. If the assumptions of Theorem 4.1 are satisfied and
Ž . Ž . Ž .equality 5.2 holds, then from 4.1 and 4.4 , there exists a unique nontriial
steady state solution.
In the following we discuss the stability of the steady state solution.
  Ž .  Before doing this, we show that if sup     for t, x 	  , 0 
 0, 1 , then the inequality
 u t , x   5.6Ž . Ž .
  Ž . Ž .holds for t , x	 0, 1 , where u t, x is a solution of 4.1 .
Ž .From 4.2 , we have
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 1 Ž t
 . f u 
  , h h x e  f 0  f 0 d
 ,Ž . Ž . Ž .Ž .Ž .Ž .
and it follows that
tI t IŽ t . 1 Ž t
 .u t , x  e  e L u 
  , h h x e d
Ž . Ž .Ž .Ž .H
0
t I Ž t
 .    e f 0 d
 .Ž .H
0
Thus, when
u 
  , h1 h x eŽ t
 .   
  , h1 h x eŽ t
 . ,Ž . Ž .Ž . Ž .Ž . Ž .
   t , x 	  , 0  0, 1 ,Ž .
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then
tI t IŽ t . 1 Ž t
 . u t , x  e  e L  
  , h h x e d
Ž . Ž .Ž .Ž .H
0
  f 0Ž . I t 1 eŽ .
I
    f 0  f 0Ž . Ž .I t  e 1 L  L½ 5ž / ž /I  I 
  .
Ž .Using the method of steps, the estimate 5.6 is obtained.
Ž . Ž .Let w u  , and from 4.1 and 5.1 , we have
w 
 g x w   f u t  ,  x  f   x ,Ž . Ž . Ž .Ž . Ž . Ž .
 t  x
 t 0, x	 0, 1 , 5.7Ž .
w t , x   x , t   x   t , x ,Ž . Ž . Ž . Ž .
   t	  , 0 , x	 0, 1 ;
namely
w 
 gw  F u t  ,  x w t  ,  x ,Ž . Ž . Ž .Ž .
 t  x
 t 0, x	 0, 1 , 5.8Ž .
   w t , x   t , x , t	  , 0 , x	 0, 1 .Ž . Ž .
t Ž Ž . Ž Ž . Ž ... Ž .where F H f 	  x   u t  ,  x   x d , and w t, x satisfies0
t1 t 1 Ž t .w t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 
 5.9Ž .
 F u 
  , h1 h x eŽ t
 .Ž .Ž .Ž .Ž .
1 Ž t
 .   w 
  , h h x e d
 , t0, x	 0, 1 ,Ž .Ž .Ž .
   w t , x  t , x , t , x 	  , 0 , x	 0, 1 .Ž . Ž . Ž .
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In the following we prove stability. We adopt an iterative method, and
choose the initial approximation
w Ž0. t , x   0, h1 h x etŽ . Ž .Ž .Ž .
t 1 Ž t .   exp  g 	 h h x e d , t0, x	 0, 1Ž .Ž .Ž .Hž /0
5.10Ž .
   w t , x   t , x , t	  , 0 , x	 0, 1 .Ž . Ž .
Define the k th approximation
tŽk . 1 t 1 Ž t .w t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 F 
  , h1 h x eŽ t
 .Ž .Ž .Ž . 5.11Ž .
 w Žk1. 
  , h1 h x eŽ t
 . d
 ,Ž .Ž .Ž .
 t0, x	 0, 1 ,
Žk .    w t , x   t , x , t , x 	  , 0 , x	 0, 1 .Ž . Ž . Ž .
      Ž .Noting that sup   2 for t	  , 0 , x	 0, 1 , from 5.10 , it is easy
to see that
I t  2e , t 0, x	 0, 1 ,Ž0.w t , x  5.12Ž . Ž .½    2 , t	  , 0 , x	 0, 1 .
Ž .From 5.11 and by similar arguments to Section 3, we get
 Žk .  2 k  tw t , x  1 a a  a 2e 5.13Ž . Ž . Ž .
and
 Žk . Žk1.  k  tw  w  a 2e 5.14Ž .
   Žk .4for t 0, x	 0, 1 , k 0, 1, 2, . . . . This shows that the sequence w is
   convergent uniformly on an arbitrary compact region 0, T  0, 1 . Let
Žk . Ž . Ž .lim w  w t, x , and it is not difficult to verify that w t, x is ak
Ž . Ž .unique solution of 5.9 . From 5.13 , obviously
2
 tw t , x  e 5.15Ž . Ž .ž /1 a
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  Ž .for t 0, x	 0, 1 , and it follows that w t, x tends to zero exponentially
 as t tends to  uniformly with respect to x	 0, 1 .
THEOREM 5.2. Let the hypothesis of Theorem 4.1 be satisfied. Then
Ž .   Ž . Ž .inequality 5.15 holds for t 0, x	 0, 1 ; namely, u t, x tends to  x
exponentially as t tends to .
Ž .For the problem 4.4 , the corresponding conclusion holds also.
6. CONVERGENCE OF SOLUTION
Ž . Ž .In this section, with  0, x   x , we investigate whether the mild
Ž . Ž .solution of 4.1 converges to a mild solution of 4.4 as the time lag 
tends to 0.
˜Let T be a fixed positive number and let n be a positive integer so large
˜ ˜that Tn  . Put   Tn. We denote by  the restriction of  onn n
    Ž . , 0  0, 1 and let u t, x be a mild solution of the problemn
 u 
  g x u   f u t  ,  x ,   0, x	 0, 1 ,Ž . Ž .Ž . Ž .n n 6.1Ž . t  x
   u t , x   x , t , t	  , 0 , x	 0, 1 ;Ž . Ž .n n
Ž .namely, u t, x satisfiesn
u t , x   0, h1 h x etŽ . Ž .Ž .Ž .n n
t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 
 6.2Ž .
 f u 
  , h1 h x eŽ t
 . d
 ,Ž .Ž .Ž .Ž .n n
 t0, x	 0, 1 ,
   u t , x   t , x , t	  , 0 , x	 0, 1 ,Ž . Ž .n n
    Ž .First, we estimate u . For t	 0, , x	 0, 1 , from 6.2 , we haven n
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hn n ž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 f  
  , h1 h x eŽ t
 . d
 , 6.3Ž . Ž .Ž .Ž .Ž .n n
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or
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hn n ž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 

 1 Ž t
 . f  
  , h h x eŽ .Ž .Ž .Ž .n n
f 0  f 0 d
 . 6.4Ž . Ž . Ž .
It follows that
tI t IŽ t
 . 1 Ž t
 . u  e  e L  
  h h x e d
Ž .Ž .Ž .Hn n n
0
t I Ž t
 .    e f 0 d
Ž .H
0
 L  f 0Ž .I t I t I t e  1 e  1 eŽ . Ž .
I I
    f 0  f 0Ž . Ž .I t  e 1 L  L½ 5ž / ž /I  I 	
  ,
Ž  Ž .  .where 0  I L f 0  . Using the step method and induction,
we obtain
   u t , x   for t , x	 0, 1 , n 0, 1, 2, . . . . 6.5Ž . Ž .n n
 4  Thus, the sequence u is uniformly bounded on t 0, x	 0, 1 .n
Ž .We now estimate  un. Differentiating 6.3 with respect to x, we
have
 u  n 1 t 1 t  0, h h x e h h x eŽ . Ž .Ž . Ž .Ž .n x x  x
tt 1 Ž t .h	 x e exp  g 	 h h x e dŽ . Ž .Ž .Ž .Hž /0
 0, h1 h x etŽ .Ž .Ž .n
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t 1 Ž t . 1 Ž t .  g  h h x e h h x eŽ . Ž .Ž . Ž .Ž .H½ x
0
h	 x et dŽ . 5
t 1 Ž t .exp  g 	 h h x e dŽ .Ž .Ž .Hž /0
t t 1 Ž t . 1 Ž t .  g  h h x e h h x eŽ . Ž .Ž . Ž .Ž .H H½ x
0 

h	 x et dŽ . 5
t 1 Ž t .exp  g 	 h h x e dŽ .Ž .Ž .Hž /


 f  
  , h1 h x eŽ t
 . d
Ž .Ž .Ž .Ž .n n
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 0
 f
1 Ž t
 .  
  , h h x eŽ .Ž .Ž .Ž .n n x

1 Ž t
 .  
  , h h x eŽ .Ž .Ž .n n x
1 Ž t . Ž t
 . h h x e h	 x e d
Ž . Ž .Ž . x
 I  I  I  I . 6.6Ž .1 2 3 4
  1Ž Ž . t . Ž . tNotice that ,  , g , and h h x e h	 x e are bounded,x x
 f1 t Ž t
 . 1 t Ž t
 .Ž Ž Ž Ž . . .. Ž Ž Ž Ž . . .. t  , h h x e e ,  t  , h h x e en n n n x
are uniformly bounded, and then there exist constants 	 0, L	 0,
L  0 such that
    I tI I  	e ,1 2
t I Ž t
 . I  e L	 d
 ;H3
0
t nIŽ t
 . 1 Ž t
 . I  e L 
  h h x e d
 .Ž .Ž .Ž .H4 n x0
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It follows that
 tn I t IŽ t
 . 	e  e L	 d
H
 x 0
t nIŽ t
 . 1 Ž t
 . e L 
  h h x e d
Ž .Ž .Ž .H n x0
L	 L
I t I t I t 	e  1 e  1 eŽ . Ž .
I I
 L	  L	
I t  e 1 L   L ½ 5ž / ž /I 	 I 	
 	
   for t	 0,  , x	 0, 1 . Using the step method and induction, we obtainn
un   	 for t 0, x	 0, 1 . 6.7Ž .
 x
Ž . Ž . Ž .From 6.1 , 6.5 , and 6.7 , it is not difficult to see that
un    for t 0, x	 0, 1 , 6.8Ž .
 x
where  is a positive constant which is independent of n.
Ž . Ž . Ž . Ž .Equation 6.1 and estimates 6.5 , 6.7 , 6.8 show that the sequence
 4u is uniformly bounded and equicontinuous on an arbitrary compactn
     4region 0, T  0, 1 . Then, we can choose a subsequence u which isn j    Ž .uniformly convergent on 0, T  0, 1 . Let lim u  u t, x , and it isj n j
Ž .easily verified that u t, x satisfies
t1 t 1 Ž t .u t , x   0, h h x e exp  g 	 h h x e dŽ . Ž . Ž .Ž . Ž .Ž . Ž .Hž /0
t t 1 Ž t . exp  g 	 h h x e dŽ .Ž .Ž .H Hž /0 0
 1 Ž t
 .  f u 
 , h h x e d
 , t0, x	 0, 1 .Ž .Ž .Ž .Ž .
6.9Ž .
Ž . Ž . Ž .Namely, u t, x is a mild solution of 4.4 . Again, since the solution of 6.9
 4 Ž .is unique, it follows that the sequence u uniformly converges to u t, x .n
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Summarizing the above discussions, we obtain
THEOREM 6.1. Let the hypothesis of Theorem 4.1 be satisfied and suppose
Ž  Ž . . Ž . Ž . Ž .0  I L f 0 ,  0, x   x . Then the mild solution of 4.1
Ž . Ž .conerges to the mild solution of 4.4 as the time lag   0 n .n
7. GENERALIZATION OF PROBLEM
We only discuss two cases.
7.1. Multidimensional Case
We consider
mu 
  g x u   f u t  ,  x , t 0, x 	 0, 1 ,Ž . Ž .Ž .Ž .Ý i i i t  xii1
7.1Ž .   u t , x   x , t , t	  , x 	 0, 1 , i 1, 2, . . . , m ,Ž . Ž . i
Ž . Ž .Twhere x x , . . . , x ,   , . . . ,  , 0   1.1 m 1 m i
For f , g , and , we suppose thati
Ž .H f ,  are continuous, and g is continuously differentiable andi
satisfies
dx1 i
g 0  0, g x  0, 0 x  1,  .Ž . Ž . Hi i i i g xŽ .0 i i
Ž .As we have seen above, the characteristic equations of 7.1 are
dxi  g x ,Ž .i idt
7.2Ž .mdu
 g x u f u t  ,  x .Ž . Ž .Ž .Ý i idt i1
Ž . Ž x Ž .. Ž . Ž .Define h x  exp H d g  , and then h 1  1, h 0  0, and hi i 1 i i i i i i
is a monotone increasing function and satisfies
dhi  dt . 7.3Ž .
hi
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Consider the initial conditions
 h x  h x , 0 x  1,Ž . Ž .t0i i i i0 i0
7.4Ž .
u t , x   0, x , 0 x  1,Ž . Ž .t0 0 i0
Ž . Ž . Ž Ž .. Ž . tIt is known from 7.3 and 7.4 that h x t  h x e . Soi i i i0
x t  h1 h x et ,Ž . Ž .Ž .i i i0
7.5Ž .
x  h1 h x et ,Ž .Ž .i0 i i
Ž .where i 1, 2, . . . , m. Consider the initial condition 7.4 and the second
Ž .equation of 7.2 to obtain the relation
m
t u t , x   0, x exp  g x s ds  0, xŽ . Ž . Ž . Ž .Ž .Ý H0 i i 0ž /0i1
m
t t  exp  g x s ds f u s  ,  x s ds. 7.6Ž . Ž . Ž .Ž .Ž .Ž .ÝH H i iž /0 0i1
Ž . Ž . Ž .Then, substituting 7.4 , 7.5 into 7.6 , we obtain
u t , x   0, h1 h x etŽ . Ž .Ž .Ž .
m
t  1 Ž t . exp  g h h x e dŽ .Ž .Ž .Ý H i i i iž /0i1
m
t t  1 Ž t . exp  g h h x e dŽ .Ž .Ž .ÝH H i i i iž /0 
i1 7.7Ž .
 f u 
  , h1 h x eŽ t
 . d
 ,Ž .Ž .Ž .Ž .
 t 0, x 	 0, 1 ,i
   u t , x   t , x , t	  , 0 , x	 0, 1 ,Ž . Ž .
1Ž Ž . t . Ž 1Ž Ž . t . 1Ž Ž . t ..where h h x e  h h x e , . . . , h h x e .1 1 1 m m m
7.2. System of Equation Case
We consider
u i   g x u  f u t  ,  x , t 0, x	 0, 1 ,Ž . Ž .Ž .Ž .i i i i t  x 7.8Ž .i
   u t , x   x , t , t	  , x	 0, 1 ,Ž . Ž .i i
Ž . Ž . Ž .Twhere i 1, 2, . . . , n, u u , . . . , u , x x , . . . , x ,   , . . . ,  .1 n 1 n 1 n
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It is well known that the characteristic equation is
dxi  g x ,Ž .i idt 7.9Ž .
dui  g u f u t  ,  x , i 1, 2, . . . , n ,Ž .Ž .i idt
Ž .where f , , and g satisfy again condition H . By means of the above
Ž .method, we can transform 7.8 into the integral equation
u t , x   0, h1 h x etŽ . Ž .Ž .Ž .i i
t  1 Ž t . exp  g h h x e dŽ .Ž .Ž .H i i i iž /0
t t  1 Ž t . exp  g h h x e dŽ .Ž .Ž .H H i i i iž /0 
 7.10Ž .
f u 
  , h1 h x eŽ t
 . d
 ,Ž .Ž .Ž .Ž .i
 t 0, x 	 0, 1 ,i
   u t , x   t , x , t	  , 0 , x 	 0, 1 ,Ž . Ž .i i i
Ž . Ž .For 7.1 and 7.8 , we can prove, under suitable conditions, that corre-
sponding results hold. Because the methods are similar, we omit them.
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